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MATHEMATICS SPECIALIST 2 CALCULATOR-FREE

Section One: Calculator-free 35% (48 Marks)

Question 1 (6 marks)

Consider functions f(x)=+v4-x and g(x)= Lz
X

(@)  Determine the exact value of g(f(—S)). (2 marks)

Solution
1

g(7(5)) = 2[J4=(=5)) = ¢(3) = §
Specific behaviours

v' determines f(—5) correctly
v obtains the correct value for g(f(—S))

(b)  Determine the domain for f(g(x)). (3 marks)
Solution
1
f(g(x)) = 4—% This will be defined when 4 —— > 0, x #0 since g(x)
X X
must exist.
ie L<4ie x2>l 'D.:{x|x>lux<—l}
x4 e 2 ~ 2
Specific behaviours
1
v identifies that f(g(x)) is defined when 4 —— > 0
b
1
v’ states x> —
2
1
v’ states x<——
2
(c) Explain why function g is not a one-to-one function. (1 mark)

Solution

1
g(-2)=g(2) =7 This shows that ¢ maps two values of x to a single value.

Hence g is NOT a one-to-one function BUT is a MANY-to-one function.

Specific behaviours

v’ justifies why g is not a one-to-one function
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Question 2 (7 marks)

The graph of y = f'(x) is shown below.

(@)  Solve the equation |f(x)| =x. (2 marks)

Solution

Equation requires the intersection between y = |f(x)| and y=x.

This occurs when 0<x<2.

Specific behaviours

v" excludes x =0 and includes x =2 in the solution
v’ states the correct interval of real values for x

(b) Sketch the graph for y = f(l ) on the axes below. (5 marks)
X
- : Solution
See graph axes.
| | Specific behaviours
v' indicates vertical asymptotes at x =—-3,—1, 0
| i v" indicates correct function behaviour as x — —3
and x > 0"
| i v" indicates correct function behaviour as x — —1
v indicates the correct curvature
} } ; ; } > x | ¥ indicates at least one of the 5 highlighted points
-3 AL -1 1 3
| T
=B




MATHEMATICS SPECIALIST

Question 3

By using one or more of the following identities:

CALCULATOR-FREE

(5 marks)

cos’ x+sin‘x=1

cos2x = cos® x—sin’ x

sin2x = 2sinxcosx

. 2
evaluate exactly | (sinx+cosx) dx.

O 0 [N

Solution

. 2 . .
(s1nx+ cos x) dx (sm2 X+ 2sin xcos x + cos’ x) dx

S 0 [N

((sin2 X+ cos’ x) + 2sin x cos x) dx

SV [N ooy

(1+sin2x) dx

I
O o [N

z
2

: J [0-=3°)
( 7

_cos 2x

Il
/—\\l—_l
wlé\

NI»—‘

N|k\ t\)|k1

Specific behaviours

expands the integrand correctly

uses the Pythagorean identity sin” x + cos’ = 1

uses double angle identity for sin2x
anti-differentiates the trigonometric function correctly
evaluates correctly using exact trigonometric values

A NN NI NI
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Question 4 (8 marks)
5 1
(@)  Function f(x)= (x+1) can be expressed in the form a4 2bx+c .
(x—l)(x2+3x+1) x—1 x*+3x+1
Determine the value of the constants a, b and c. (3 marks)
Solution
5x+5 a(x2+3x+1)+(x—1)(bx+c)
(x—l)(x2+3x+1) - (x—l)(x2+3x+l)

(aer)x2 + (3a—b+c)x + (a—c)
(x—l)(x2 +3x+1)

Equating coefficients: a+b =0
3a-b+c =5
a-c =5

Solving gives a=2, b=-2, c=-3

5(x+1) 2 (2x+3)
(x=1)(x*+3x+1)  x=1 X" +3x+1
Specific behaviours
v" forms the correct expression for the equivalent numerator

v" equates coefficients correctly to form 3 linear equations
v" solves correctly to determine a, » and ¢

i.e.
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Question 4 (continued)

10x+10

(b)  Hence determine '[(x—l)(xz +3x+1) dx . (5 marks)
Solution
10x+10 5x+5
dx = 2 d
'[(x—l)(x2+3x+1) g J‘(x—l)(x2+3x+l) g

j 4 22(2x+3) I
x—1 x +3x+1
41n|x—1| - 21n|x2+3x+1| + k

(x-1)'
——— |tk
(x2 +3x+ 1)
Specific behaviours
expresses the given integrand as double f'(x)
v" writes the integrand correctly in terms of the partial fractions

In

\

a
v" anti-differentiates —— correctly using the absolute value of a natural logarithm
x —

v" anti-differentiates correctly

x2+3x+1

v" uses a constant of integration
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Question 5 (6 marks)
Consider the Cartesian equations for three planes: 2x+2y+z =9
—2x+2y-5z=-13
y—z =-1
(a) Show that none of these planes is parallel to another. (2 marks)
Solution
2 -2 0
Plane normalsare | 2|, | 2 |and| 1 |. Since none of these normal vectors are
1 -5 -1

scalar multiples of each other then the planes cannot be parallel to each other.
Specific behaviours

v" states the normal vectors for each plane

v" states that none of the normal vectors are multiples of each other

(b) Solve the above equations simultaneously. (3 marks)
Solution
2x+2y+z =9 .. (1) Consider (1)+(2): 4y—4z =-4
2x+2y-5z=-13 .. (2) ie. y—z=-1 ..(4)
y—z =-1 .. (3) y—z=-1 .. (3)

Consider (4)—(3): 0=0 !l
Hence there are an infinite number of solutions to these equations.

Let z=k where keR Soy=k-1
2x+2(k—1)+k=9
ie. 2x=11-3k
11-3k
X =
2
11-3k
2
r=1 k-1 where keR
k

Specific behaviours
v" eliminates a variable correctly from a pair of equations
v states that there are an infinite number of solutions
v’ expresses correct relationships between variables

(c) State the geometric interpretation of the solution obtained in part (b). (1 mark)

Solution
The given non-parallel planes intersect in a LINE in space.
Specific behaviours
v" states the intersection is a line in space
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Question 6 (8 marks)
Two complex numbers z, = 4cis (5?”] and z, are shown in the Argand plane below.
Im
41
Re
(a) Determine the exact polar form for z, . (2 marks)
Solution
z, = 2cis(—3—”j Accept also 2 cis [S—EJ :
4 4
Specific behaviours
v states the correct modulus
v' states the correct argument
(b) Plot the complex number w = z, x (22 )_1 on the Argand diagram above. (3 marks)
Solution
-1
1
w = | 4cis [—j X 2cis(—3—”j = 4cis (S—ﬂjx—czs (3—7[j
4 6
= 2cis (5—ﬁ+3—ﬁj
6
197

w shown on the Argand diagram above.
Specific behaviours

v’ applies DeMoivre’s Theorem correctly to determine z,

v" determines the correct polar form for w
v" plots the correct position for w
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(c) If z, =4cis (5?”) is a solution of the equation z" = r where r is a positive real number
and 7 is a positive integer, determine the smallest possible value for r in the form 27.

Justify your answer. (3 marks)

Solution
5 n
If z, =4cis (%Zj is a solution then (4cis (%D = rcis(27k)

i.e. 2”01’5‘(%) = rcis(27zk) where £=0,1,2, ..., n—1

12
ie. 5?’1:2k or nz—k

Hence the smallest possible value of n=12 (when k =5) sothat neZ".

r = 2% = 2* s the smallest value
Specific behaviours

v' forms the equation that determines the relationship between »n and integer &

v"deduces the smallest value for nor k
v' states the smallest value for r as a power of 2
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Question 7 (8 marks)

The graph of 2x = tan(y) is shown along with the tangent at x =0. The horizontal line y =§

is also shown.
y
2x = tan ()
< > _T
Y73

Using implicit differentiation, determine the equation of the tangent drawn at x =0.

(a)
(3 marks)
Solution
d d : dy
E(2x) = a(tan(y)) 2 = secz(y).a
% = 2cos’(y)

At y=0, % = 2cos’(0) = 2(1) =2

Hence equation of the tangentis y=2x or x= 5 :
Specific behaviours
v differentiates 2x = tan(y) correctly using implicit differentiation

v" obtains the correct expression for the derivative
v' determines the equation of the tangent correctly
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The shaded region is bounded by the curve 2x =tan(y), the tangent drawn and y = %

(b)

(c)

Write the expression for the area of the shaded region. (2 marks)

Solution

Area =

S |y

(%tan(y)—%) dy

Specific behaviours

v' forms a definite integral using correct limits for  with correct notation

v'_forms the integrand correctly

Alternative Solution

5
(2x—tan™' (2x)) dx + ;[(%—tan_l(bc)jdx

6

Area =

S o [N

Specific behaviours

v" forms two definite integrals using correct limits for x values with correct notation

v/ forms the two integrands correctly

Evaluate this area exactly. (3 marks)

Solution

Area =

1 y 2 lsiny y
Ztan(y)-2 gy = || _Y g4
(2 an(») 2) 4 !(ZCosy 2 |

O — 0 |y

I
|
N | =
_—
5 5
(@)
o
w2
=
|
<.
L 1
S \

- |-h G}%{%m(l)_o}
_ %m(z)—%

Specific behaviours

v" re-writes the tangent function in terms of sine and cosine correctly
v" anti-differentiates correctly using the logarithm of an absolute value

v" evaluates correctly in terms of an exact value




Copyright
© School Curriculum and Standards Authority, 2022

This document — apart from any third party copyright material contained in it — may be freely copied, or communicated on an
intranet, for non-commercial purposes in educational institutions, provided that it is not changed and that the School Curriculum
and Standards Authority (the Authority) is acknowledged as the copyright owner, and that the Authority’s moral rights are not
infringed.

Copying or communication for any other purpose can be done only within the terms of the Copyright Act 1968 or with prior written
permission of the Authority. Copying or communication of any third party copyright material can be done only within the terms of
the Copyright Act 1968 or with permission of the copyright owners.

Any content in this document that has been derived from the Australian Curriculum may be used under the terms of the Creative
Commons Attribution 4.0 International (CC BY) licence.

An Acknowledgements variation document is available on the Authority website.

Published by the School Curriculum and Standards Authority of Western Australia

303 Sevenoaks Street
CANNINGTON WA 6107




	Marking key


<<

  /ASCII85EncodePages false

  /AllowTransparency false

  /AutoPositionEPSFiles true

  /AutoRotatePages /None

  /Binding /Left

  /CalGrayProfile (Dot Gain 20%)

  /CalRGBProfile (sRGB IEC61966-2.1)

  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)

  /sRGBProfile (sRGB IEC61966-2.1)

  /CannotEmbedFontPolicy /Error

  /CompatibilityLevel 1.4

  /CompressObjects /Tags

  /CompressPages true

  /ConvertImagesToIndexed true

  /PassThroughJPEGImages true

  /CreateJobTicket false

  /DefaultRenderingIntent /Default

  /DetectBlends true

  /DetectCurves 0.0000

  /ColorConversionStrategy /CMYK

  /DoThumbnails false

  /EmbedAllFonts true

  /EmbedOpenType false

  /ParseICCProfilesInComments true

  /EmbedJobOptions true

  /DSCReportingLevel 0

  /EmitDSCWarnings false

  /EndPage -1

  /ImageMemory 1048576

  /LockDistillerParams false

  /MaxSubsetPct 100

  /Optimize true

  /OPM 1

  /ParseDSCComments true

  /ParseDSCCommentsForDocInfo true

  /PreserveCopyPage true

  /PreserveDICMYKValues true

  /PreserveEPSInfo true

  /PreserveFlatness true

  /PreserveHalftoneInfo false

  /PreserveOPIComments true

  /PreserveOverprintSettings true

  /StartPage 1

  /SubsetFonts true

  /TransferFunctionInfo /Apply

  /UCRandBGInfo /Preserve

  /UsePrologue false

  /ColorSettingsFile ()

  /AlwaysEmbed [ true

  ]

  /NeverEmbed [ true

  ]

  /AntiAliasColorImages false

  /CropColorImages true

  /ColorImageMinResolution 300

  /ColorImageMinResolutionPolicy /OK

  /DownsampleColorImages true

  /ColorImageDownsampleType /Bicubic

  /ColorImageResolution 300

  /ColorImageDepth -1

  /ColorImageMinDownsampleDepth 1

  /ColorImageDownsampleThreshold 1.50000

  /EncodeColorImages true

  /ColorImageFilter /DCTEncode

  /AutoFilterColorImages true

  /ColorImageAutoFilterStrategy /JPEG

  /ColorACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /ColorImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000ColorACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000ColorImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasGrayImages false

  /CropGrayImages true

  /GrayImageMinResolution 300

  /GrayImageMinResolutionPolicy /OK

  /DownsampleGrayImages true

  /GrayImageDownsampleType /Bicubic

  /GrayImageResolution 300

  /GrayImageDepth -1

  /GrayImageMinDownsampleDepth 2

  /GrayImageDownsampleThreshold 1.50000

  /EncodeGrayImages true

  /GrayImageFilter /DCTEncode

  /AutoFilterGrayImages true

  /GrayImageAutoFilterStrategy /JPEG

  /GrayACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /GrayImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000GrayACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000GrayImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasMonoImages false

  /CropMonoImages true

  /MonoImageMinResolution 1200

  /MonoImageMinResolutionPolicy /OK

  /DownsampleMonoImages true

  /MonoImageDownsampleType /Bicubic

  /MonoImageResolution 1200

  /MonoImageDepth -1

  /MonoImageDownsampleThreshold 1.50000

  /EncodeMonoImages true

  /MonoImageFilter /CCITTFaxEncode

  /MonoImageDict <<

    /K -1

  >>

  /AllowPSXObjects false

  /CheckCompliance [

    /None

  ]

  /PDFX1aCheck false

  /PDFX3Check false

  /PDFXCompliantPDFOnly false

  /PDFXNoTrimBoxError true

  /PDFXTrimBoxToMediaBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXSetBleedBoxToMediaBox true

  /PDFXBleedBoxToTrimBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXOutputIntentProfile ()

  /PDFXOutputConditionIdentifier ()

  /PDFXOutputCondition ()

  /PDFXRegistryName ()

  /PDFXTrapped /False



  /CreateJDFFile false

  /Description <<



    /BGR <>

    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>

    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>

    /CZE <>

    /DAN <>

    /DEU <>

    /ESP <>

    /ETI <>

    /FRA <>

    /GRE <>



    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)

    /HUN <>

    /ITA <>

    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>

    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>

    /LTH <>

    /LVI <>

    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)

    /NOR <>

    /POL <>

    /PTB <>

    /RUM <>

    /RUS <>

    /SKY <>

    /SLV <>

    /SUO <>

    /SVE <>

    /TUR <>

    /UKR <>

    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)

  >>

  /Namespace [

    (Adobe)

    (Common)

    (1.0)

  ]

  /OtherNamespaces [

    <<

      /AsReaderSpreads false

      /CropImagesToFrames true

      /ErrorControl /WarnAndContinue

      /FlattenerIgnoreSpreadOverrides false

      /IncludeGuidesGrids false

      /IncludeNonPrinting false

      /IncludeSlug false

      /Namespace [

        (Adobe)

        (InDesign)

        (4.0)

      ]

      /OmitPlacedBitmaps false

      /OmitPlacedEPS false

      /OmitPlacedPDF false

      /SimulateOverprint /Legacy

    >>

    <<

      /AddBleedMarks false

      /AddColorBars false

      /AddCropMarks false

      /AddPageInfo false

      /AddRegMarks false

      /ConvertColors /ConvertToCMYK

      /DestinationProfileName ()

      /DestinationProfileSelector /DocumentCMYK

      /Downsample16BitImages true

      /FlattenerPreset <<

        /PresetSelector /MediumResolution

      >>

      /FormElements false

      /GenerateStructure false

      /IncludeBookmarks false

      /IncludeHyperlinks false

      /IncludeInteractive false

      /IncludeLayers false

      /IncludeProfiles false

      /MultimediaHandling /UseObjectSettings

      /Namespace [

        (Adobe)

        (CreativeSuite)

        (2.0)

      ]

      /PDFXOutputIntentProfileSelector /DocumentCMYK

      /PreserveEditing true

      /UntaggedCMYKHandling /LeaveUntagged

      /UntaggedRGBHandling /UseDocumentProfile

      /UseDocumentBleed false

    >>

  ]

>> setdistillerparams

<<

  /HWResolution [2400 2400]

  /PageSize [612.000 792.000]

>> setpagedevice



